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Networks



Networks Circuits

 [Harris & Mrsic-Flogel 2013]

Cell types 
- Average activity/inactivations

- Architecture = average connectivity



?

Networks Circuits

 [Harris & Mrsic-Flogel 2013]

Task variables and computations 
- Mixed selectivity & distributed representations

- Low-dimensional dynamics

Cell types 
- Average activity/inactivations

- Architecture = average connectivity



Recurrent Neural Networks Circuits

Trained networks: 
- extract low-d dynamics

- latent variables = abstract computational units

 [Litwin-Kumar et al 2016, Palmigiano et al 2020]
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d. e. f.[Sussillo 2014, Barak 2017, Yang & Wang 2020]  [Wilson and Cowan 1972]



Recurrent Neural Networks Circuits

Trained networks: 
- extract low-d dynamics

- latent variables = abstract computational units

 [Litwin-Kumar et al 2016, Palmigiano et al 2020]
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Low-dimensional models: 
- Units = average cell-type activity

- Connectivity = average cell-type conectivity
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1. When/how can we reduce a large network to a low dimensional models?


2. When do low-d units correspond to average cell-type activity?


3. When does average cell-type connectivity correctly predict dynamics?


4. How can the heterogeneity (population) interact with low-d dynamics?
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1. When/how can we reduce a large network to a low dimensional models?


2. When do low-d units correspond to average cell-type activity?


3. When does average cell-type connectivity correctly predict dynamics?


4. How can the heterogeneity (population) interact with low-d dynamics?

Approaches 

1. Local connectivity statistics [EI networks]

2. Global connectivity statistics  [low-rank RNNs]

Combine
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Networks Circuits

[Langdon et al 2023]



Background: Neural Circuit Model

Optogenetic manipulation for 
function exploration

0

Cell-type-specific mean 
connectivity

1

Prediction error neurons

2

Murphy, B. K., & Miller, K. D. 2009,

Palmigiano, et al., 2020,

Hertäg, L., & Sprekeler, H. 2020,

…



Background: Neural Circuit Model

• High-dimensional dynamics degrade to low-dimensional representations


• Individual neurons assumed to have identical activity within populations


• Higher-order connectivity and structured (fluctuated) neural activity patterns ignored 


• Advanced version has the reliance on ad-hoc noise models rather than principled variability

3 ·rE
·rP
·rS
·rV

= −I +

wEE wEP wES wEV
wPE wPP wPS wPV
wSE wSP wSS wSV
wVE wVP wVS wVV

rE
rP
rS
rV

Characteristics and Limitations of Classic Neural Circuit Models



Background: Random Recurrent Neural Network

Sompolinsky, Cristanti & Sommer, 1988

Ranjan, Abbott & Sompolinsky, 2010

Hu, et al., 2013, 2018, 2020

Ehrlich et al, 2020

Clark, Abbott, & Litwin-Kumar, 2023

Clark & Abbott, 2024



Background: Random Recurrent Neural Network

Mastrogiuseppe & Ostojic 2018

Beiran et al, Neural Comp 2021

Dubreuil*, Valente* et al, Nat Neuro 2022

.…

— Low-rank Recurrent Neural Networks (lrRNNs)

Gain modulation



Statistics of connection strengths

Local Connectivity: EI networks

Excitatory-Inhibitory Network (4:1)
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 [van Vreeswijk & Sompolinsky 1996,1998; Amit & Brunel 1997]



Statistics of connection strengths

Local Connectivity: EI networks

Excitatory-Inhibitory Network Effective EI Circuit
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Mean-field theory

 [van Vreeswijk & Sompolinsky 1996,1998; Amit & Brunel 1997]

😩



Statistics of connection strengths

Local Connectivity: EI networks

Excitatory-Inhibitory Network
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Mean-field theory

 [van Vreeswijk & Sompolinsky 1996,1998; Amit & Brunel 1997]

Low-dimensional model: 
- Unit = average cell-type activity

- Connectivity = average cell-type conectivity

😩

Effective EI Circuit



Statistics of connection strengths

Local Connectivity: EI networks

Excitatory-Inhibitory Network Effective EI Circuit
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Prob(JEE) Prob(JII)Prob(JIE)Prob(JEI)

Mean-field theory

 [van Vreeswijk & Sompolinsky 1996,1998; Amit & Brunel 1997]

Assumptions:

- Cell-type dependence


- No correlations

Low-dimensional model: 
- Unit = average cell-type activity

- Connectivity = average cell-type conectivity

😩



Connection probabilities

Local Connectivity

 [Campagnola 
et al 2022]
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Correlations = Connectivity motifs

reciprocal chain divergent convergent

τr τc τdiv τcon

Connection probabilities

Local Connectivity

 [Campagnola et al 2022]
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Correlations = Connectivity motifs

reciprocal chain divergent convergent

τr τc τdiv τcon

Connection probabilities

 [Recanatesi et al 2020]

Local Connectivity
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 [Marti, Brunel & SO 2018]Mean-field breaks down!   
 [Song et al 2005]

 [Campagnola 
et al 2022]

In vitro patching



Global Connectivity
Connectivity matrix
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Global Connectivity
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Low-rank

=

 [Hopfield 1982, Ben Yishai etl al 1995, Seung 1996, Eliasmith 2005, Sussillo & Abbott 2009…]
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Global Connectivity

m(1)

n(1)

m(R)

n(R)

+…+

Low-rank

=

 [Hopfield 1982, Ben Yishai etl al 1995, Seung 1996, Eliasmith 2005, Sussillo & Abbott 2009…]

 [Mastrogiuseppe & SO 2018, Beiran et al 2021, Dubreuil, Valente et al 2022 …]

Low-d dynamics

Connectivity matrix
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Local Connectivity 
[EI networks]

Global Connectivity 
[low-rank RNNs]

Combine the two approaches



Combining Local and Global Connectivity
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1. Define network from local connectivity 
based on multiple cell types

2. Approximate by low-rank network 3. Reduce to low-D
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Approach: Low-rank Approximation
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Approach: Low-rank Approximation
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Approach: Low-rank Approximation
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= Low-rank Random

Mean Fluctuations

Approach: Low-rank Approximation
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Results

1. Methods: eigenvalues and eigenspectra


2. E-I networks: Eigenvalues and low-rank approximation


2.1. Uncorrelated networks


2.2. Reciprocal motifs


2.3. Chain motifs


3. Dynamics: (paradoxical) responses to inputs



Results
1. Methods: eigenvalues and eigenspectra 

2. E-I networks: Eigenvalues and low-rank approximation


3. Dynamics: (paradoxical) responses to inputs



Methods: Eigenvalues and Eigenspectra
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Methods: Eigenvalues and Eigenspectra
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Re(λ)

Outlier

 [Rajan & Abbott 2006]
 [Tao 2013]
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Methods: Eigenvalues and Eigenspectra
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 [Tao 2013]
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Methods: Eigenvalues and Eigenspectra
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Methods: Eigenvalues and Eigenspectra

m(1)

n(1)

+

Unit rank Random Correlated

=

Re(λ)

Im(λ)
Bulk
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Methods: Eigenvalues and Eigenspectra
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 [Schuessler et al 2020]

≈
m̃(1)

ñ(1)

Multiple 
Outliers

Effective rank = number of outliers

Approximation: Higher Rank 
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Modifies 
Outliers



Global Connectivity: Experiments

 [Clark et al 2024]

 [Vishwanathan et al 2024]



Results

1. Methods: eigenvalues and eigenspectra


2. E-I networks: Eigenvalues and low-rank approximation 

2.1. Uncorrelated networks


2.2. Reciprocal motifs


2.3. Chain motifs


3. Dynamics: (paradoxical) responses to inputs



Simplified E-I network, no motifs

 [Brunel 2000]
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Simplified E-I network, no motifs
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Simplified E-I network, no motifs
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Simplified E-I network, no motifs
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Simplified E-I network, no motifs
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Simplified E-I network, no motifs
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[θk] =
1
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f(λ) = λ3 − (λ0λ2 + θ1λ + θ2) = 0
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E-I network, reciprocal motifs
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E-I network, reciprocal motifs
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E-I network, reciprocal motifs
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E-I network, reciprocal motifs
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 [Shao & SO 2023]Minor correction to average connectivity
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E-I network, reciprocal motifs
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 [Shao & SO 2023]Minor correction to average connectivity
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f(λ) = λ3 − (λ0λ2 + θ1λ + θ2) = 0
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n̄⊺[Z2]m̄ ≠ 0



Local Connectivity

Correlations = Connectivity motifs

reciprocal chain divergent convergent

τr τc τdiv τcon

 [Recanatesi et al 2020]
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Local Connectivity

Correlations = Connectivity motifs

reciprocal chain divergent convergent

τr τc τdiv τcon

 [Recanatesi et al 2020]
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 [Hu et al 2018]



E-I network, chain motifs
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E-I network, chain motifs
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E-I network, chain motifs
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E-I network, chain motifs
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Potential instability in inhibition-dominated networks
 [Shao et al 2024]
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E-I network, chain motifs
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Stabilizing E-I networks with chain motifs

Strongly Connected RegimeWeakly Connected Regime

N | J̄E − J̄I | τc ∼ O(1)

 [Renart et al 2010] [Brunel 2000]

| J̄E | , | J̄I | ∼ O(
1

N
)

τc ∼ O(1)

| J̄E − J̄I | ∼ O(
1

N
)

Tight balance

| J̄E | , | J̄I | ∼ O(
1
N

)

Loose balance

τc ∼ O(1)



Results
1. Methods: eigenvalues and eigenspectra


2. E-I networks: Eigenvalues and low-rank approximation


3. Dynamics: (paradoxical) responses to inputs



 Steady-state response to inputs

·r = − r + Jr + IextLinear dynamics:

Population-averaged activity

External input
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 Steady-state response to inputs

·r = − r + Jr + Iext

r* = (1 − J)−1Iext

Linear dynamics:

Steady state:

Population-averaged activity

External input

J =

Connectivity matrix

E

I
Steady state



 Steady-state response to inputs

·r = − r + Jr + Iext

≈
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r* = (1 − J)−1Iext Iext +
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External input
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Response to uniform input

 [Shao et al 2024]
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Response to uniform input

 [Shao et al 2024]

Strong deviations from predictions of mean connectivity
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Paradoxical responses



Paradoxical responses

 [Tsodyks et al 1997, Ozeki et 2009, Litwin-
Kumar et al 2015, Miller & Palmigiano 2020]

Paradoxical responses as a signature of the operating regime in the cortex
 [Palmigiano et al 2020, Sanzeni et al 2020]

Weak excitation Strong excitation: Inhibition-stablized networks

Paradoxical  
response



Paradoxical responses

 [Litwin-Kumar et al 2015]



Paradoxical responses

 [Shao et al 2024]

Average response, I cells

Input to 

Inhibitory cells

Strong deviations from predictions of classical circuit model

Non-paradoxical Paradoxical



Paradoxical responses

Homogeneous Gaussian Heterogeneous Sparse



Paradoxical responses

 [Shao et al 2024]



Effective connectivity approximation

Original Full-rank connectivity

J = J0 + Z

Effective connectivity

[χ] = [(1 − Z −
1
N

M0N⊺
0)−1]

Woodbury matrix identity 
(matrix inverse formula)

(1 − [Z2])−1 +
∞

∑
k,l=0

[Z2]k M0N0

N
[Z2]l

[K. D. Miller and A. Palmigiano, 2020;

 Y. Hu et al., 2018]

Jeff = J0 + [Z2]

χeff = (1 − [Z2] −
1
N

M0N⊺
0)

−1



1. When/how can we reduce a large network to a low dimensional models? 
When low-rank structure is present in connectivity: 
- computational origin 
- cell-type origin


2. When do low-d units/factors correspond to average cell-type activity? 
When they correspond to low-rank structure originating from cell-type organization


3. When does average cell-type connectivity correctly predict dynamics? 
Strong deviations due to structure such as chain motifs
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